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A solvable model of noise effects on globally coupled limit cycle oscillators is proposed. The os-
cillators are under the influence of independent and additive white Gaussian noise. The averaged
motion equation of the system with infinitely coupled oscillators is derived without any approxima-
tion through an analysis based on the nonlinear Fokker–Planck equation. Chaotic synchronization
associated with the appearance of macroscopic chaotic behavior is shown by investigating the changes
in averaged motion with increasing noise intensity.
The discovery of the synchronization phenomena of
chaos was a remarkable one since it seems at first glance
to conflict with the definition of chaos. The stability
of complete synchronization in coupled chaotic systems
was studied [1]. It was also shown that chaotic synchro-
nization emerges in unidirectionally coupled oscillators
in a model and an electronic circuit [2]. In such a drive–
response system, a functional relation was captured as
generalized synchronization in refinement [3]. The com-
prehensive understanding of synchronization transitions
among complete, phase, and lag synchronizations was
achieved using chaotic systems with a slight parameter
mismatch [4, 5]. Recently, relationships among various
types of chaotic synchronization were studied in a system
of indirectly coupled oscillators with a common environ-
ment [6].
Sometimes, noise plays a counterintuitive role; in the
case of uncoupled chaotic oscillators, it is widely known
that common noise inputs can induce chaotic synchro-
nization [7]. However, much discussion was held at the
time of the discovery of noise-induced chaotic synchro-
nization (NICS) [8]. Some of these discussions were based
on the following views: (i) NICS was a numerical artifact
since the results were dependent on calculation accuracy
[9], and (ii) the nonzero mean property of noise, which
affected the system as a constant, would cause NICS [10].
Cumulative evidence associated with NICS clarified these
issues [11]. Once NICS was confirmed to be a reality, the
relation between critical noise strengths and the size of
the attractors [12], NICS in phase [13], effects of noise on
generalized synchronization [14, 15], and NICS by colored
noise were reported [16].
The effects of noise on synchronization have also been
studied in coupled oscillatory systems.While noise can
“enhance” the degree of chaotic synchronization con-
structively [17, 18], few studies reported chaotic synchro-
nization purely “induced” by external noise in coupled
oscillatory systems. Therefore, it is quite natural to ask
whether NICS exists in coupled oscillators or not. To an-
swer this fundamental academic question, in this letter, a
solvable model for independent external noise is proposed
to reveal the occurrence of NICS in mean-field coupled
FIG. 1. Schematic illustration of our system.
oscillatory systems, as shown in Fig. 1. It is worth noting
that the study of NICS observed in coupled oscillatory
systems solvable for external noise would contribute to
resolving the complicated aspects mentioned before.
A potential approach to identify the occurrence of
NICS in coupled oscillators would be related to the emer-
gence of macroscopic chaotic behavior as an average. Let
us suppose that collective motions described by an order
parameter system show limit cycle oscillation under the
presence of noise. In such cases, the oscillators exhibit
roughly synchronous behavior to realize the limit cycle
oscillation as an average though they are disturbed by
noise. It would correspond to complete synchronization
under the influence of noise [19]. In the same way, if
an order parameter behaves chaotically, it is suggestive
of chaotic synchronization under the existence of noise.
Thus, the occurrence of chaotic behavior in the order
parameter system owing to the external noise, which is
nonchaotic in the deterministic limit, would correspond
to NICS.
To reveal the existence of NICS in globally coupled
limit cycle oscillators, let us introduce the following form
of the Langevin equations, which is solvable for external
noise [20–22]. For site i (i = 1, ..., N), it is given as
x˙i = −a
(x)xi +
J (x)
N
N∑
j=1
F (x)(b(x)xj + c
(x)yj + d
(x)zj)
+ η
(x)
i (t), (1)
2y˙i = −a
(y)yi +
J (y)
N
N∑
j=1
F (y)(b(y)xj + c
(y)yj + d
(y)zj)
+ η
(y)
i (t), (2)
z˙i = −a
(z)zi +
J (z)
N
N∑
j=1
F (z)(b(z)xj + c
(z)yj + d
(z)zj)
+ η
(z)
i (t), (3)
where xi, yi, and zi are the dynamical variables of a
three-dimensional oscillator. The coupling strength is
denoted as J (µ) (µ = x, y, z). The function F (µ)(·) is
a coupling function to other oscillators, which also spec-
ifies the nonlinearity of a single oscillator. The coeffi-
cients a(µ) > 0, b(µ), c(µ), and d(µ) are constants. The
Langevin noise η
(µ)
i (t) is assumed to be white Gaussian
noise, as follows: 〈η
(µ)
i (t)〉 = 0 and 〈η
(µ)
i (t)η
(ν)
j (t
′)〉 =
2D(µ)δijδµνδ(t − t
′), where D(µ) > 0. If noise is absent,
Eqs. (1)–(3) with N = 1 recover single-body determin-
istic dynamics. Here, we take the function F (µ) in the
form of
F (x)(p) = F (y)(p) = p, (4)
F (z)(p) = p exp
(
−
p2
2
)
, (5)
which enables us to analytically calculate 〈F (µ)〉G de-
scribed later. A limit cycle attractor can be obtained
with the appropriately chosen parameter values. In this
paper, we consider the situation that (i) z1-nullcline takes
the Z-curve, which contributes to bistability, (ii) the dy-
namical variables x1 and y1 are slow whereas z1 is fast,
(iii) unstable foci are relevantly observed in the (x1, y1)
plane under singular perturbation [23, 24]. The param-
eter values are close enough to exhibit chaotic behavior,
as shown in Fig. 2.
Our stochastic model is proposed such that the col-
lective motions of the system can be derived as closed
ordinary differential equations through analysis by the
nonlinear Fokker–Planck equation (NFPE) [25]. These
consist of the order parameters, which include the noise
strength as a parameter value of the deterministic nonlin-
ear dynamical system. Thus, investigating the nonlinear
aspects of order parameters in terms of the noise strength
dependency allows us to study the occurrence of NICS.
Let us suppose the macroscopic behavior of the system.
In the thermodynamic limit (N → ∞), the mean-field
coupling terms of Eqs. (1)–(3) converge owing to the law
of large numbers, which attributes to the self-averaging
property. Using the empirical probability density P (t,u),
these terms are written as
〈F (µ)〉 ≡
∫
duF (µ)(b(µ)u(x)+ c(µ)u(y)+ d(µ)u(z))P (t,u),
(6)
where 〈·〉 denotes the ensemble average. and uT =
(u(x), u(y), u(z)) = (x, y, z). Based on the self-averaging,
FIG. 2. (Color online) Dynamical behavior of the single limit
cycle oscillator without noise. The trajectory for sufficiently
large times is depicted. The red and blue planes and the
green curve correspond to the x1-, y1-, and z1-nullclines, re-
spectively. The parameter values are a(x) = 1.0, b(x) = 1.1,
c(x) = d(x) = 1.0, J(x) = 1.0, a(y) = 1.0, b(y) = −1.0,
c(y) = 1.1, d(y) = −1.9, J(y) = 1.0, a(z) = 100.0, b(z) = −0.1,
c(z) = 0.01, d(z) = 1.0, and J(z) = 200.0.
Eqs. (1)–(3) are reduced to a single oscillator written as
u˙(µ) = −a(µ)u(µ) + J (µ)〈F (µ)〉+ η′(µ)(t), (7)
where η′(µ)(t) is the white Gaussian noise given by
〈η′(µ)(t)〉 = 0 and 〈η′(µ)(t)η′(ν)(t′)〉 = 2D(µ)δµνδ(t − t
′).
Here, the coupling term is replaced by Eq. (6), which
is time dependent. Every oscillator follows Eq. (7) with
different initial conditions and η′(µ)(t). The NFPE cor-
responding to Eq. (7) is obtained as
∂
∂t
P (t,u) = −
∑
µ=x,y,z
[
∂
∂u(µ)
(−a(µ)u(µ) + J (µ)〈F (µ)〉
−D(µ)
∂2
∂u(µ)2
]
P. (8)
The Gaussian probability density is a special solution for
the NFPE.
For sufficiently large times, the H theorem [20] en-
sures that the probability density of Eq. (8) con-
verges to the Gaussian form described as PG(t,u) =
exp
[
− 12s
TC−1(t)s
]
/
√
(2pi)3 detC(t), where s = u−〈u〉
and Cµν(t) = 〈s
(µ)s(ν)〉. Owing to the characteristics of
the Gaussian probability density, Eq. (6) is written in
terms of the first and second moments. Hence, one can
derive the time evolution of the moments from Eq. (8),
which is a closed ordinary differential equation. For the
mean, it takes
〈x˙〉G = −a
(x)〈x〉G + J
(x)〈F (x)〉G, (9)
〈y˙〉G = −a
(y)〈y〉G + J
(y)〈F (y)〉G, (10)
〈z˙〉G = −a
(z)〈z〉G + J
(z)〈F (z)〉G, (11)
3FIG. 3. (Color online) Effects of the Langevin noise intensity
on the order parameter system. (upper panel) The first and
second Lyapunov exponents (λ1 and λ2). The regions of (i)
λ1 > 0, (ii) λ1 = 0 and λ2 < 0, and (iii) λ1 < 0 correspond
to chaos, the limit cycles, and the fixed points, respectively.
(lower panel) Poincare´ section. The section is taken as 〈x〉G =
1.38 and 〈z〉G < 0. The parameter values are D
(x) = D(y) =
D(z) = D, in addition to those of Fig. 2.
and for the variance and covariance,
〈v˙(µ)〉G = −2a
(µ)〈v(µ)〉G + 2D
(µ), (12)
〈w˙(µν)〉G = −(a
(µ) + a(ν))〈w(µν)〉G, (13)
where 〈·〉G is expectation over PG, v
(µ) = (u(µ) −
〈u(µ)〉G)
2, and w(µν) = (u(µ) − 〈u(µ)〉G)(u
(ν) − 〈u(ν)〉G)
(µ 6= ν). Note that 〈v(µ)〉G → D
(µ)/a(µ) and 〈w(µν)〉G →
0 for sufficiently large times, which suggests the existence
of three effective dimensions for the order parameters. In
addition, the expectation of the coupling function is cal-
culated as
〈F (x)〉G = m
(x), (14)
〈F (y)〉G = m
(y), (15)
〈F (z)〉G =
m(z)
(σ2 + 1)3/2
exp
[
−
m(z)
2
2(σ2 + 1)
]
, (16)
where m(µ) = b(µ)〈x〉G + c
(µ)〈y〉G + d
(µ)〈z〉G and σ
2 =
b(z)
2
〈v(x)〉G + c
(z)2〈v(y)〉G + d
(z)2〈v(z)〉G. The reduced
equations (9)–(13) reflect an aspect of the system as order
parameters.
As described before, the occurrence of NICS is asso-
ciated with the occurrence of the macroscopic behavior
of chaos in the order parameter system. To capture the
dependence of attractor types on the Langevin noise in-
tensity, the Lyapunov exponents [26] for the system of
Eqs. (9)–(16) were numerically estimated (Fig. 3). Note
that the Lyapunov exponents were measured not for the
stochastic differential equations of the oscillators but for
the deterministic ordinary differential equations of the or-
der parameters. In the deterministic limit (D → 0), the
system exhibits the limit cycle attractor as well as the
single body deterministic case (Fig. 2). With increasing
noise levels, the attractor become strange, which means
the occurrence of NICS in the coupled oscillators. The
fixed point attractor appears if the noise level is strong
enough, which corresponds to the destruction of the sys-
tem by noise.
To access the picture of NICS, a numerical simulation
for the original stochastic differential equations (1)–(5)
was accomplished. The Heun method was applied [27].
As shown in Fig. 4, noise could control the dynamical
property of the system, which gave rise to the synchro-
nization transition from periodic to chaotic with increas-
ing noise intensity.
So far, a solvable model for noise effects on mean-field
coupled limit cycle oscillators has been proposed. One
characteristic of this model is that in the thermodynamic
limit, the probability density of the system is constrained
to the Gaussian form for sufficiently large times due to
the independent noise. This enables us to analytically
derive the time evolution of the order parameters. Note
that the coupling and noise strengths are not limited to
weak values in our study. The macroscopic chaotic be-
havior of the order parameters could imply chaotic syn-
chronization under the noise. Since the noise intensity is
one of the control parameters for the time evolution of
the order parameter, the noise could induce the chaotic
synchronization when the deterministic single oscillator
settles near the chaotic parameter values. It should be
emphasized again that a solvable model for independent
external noise, which describes the occurrence of NICS
in coupled limit cycle oscillators, could contribute to re-
solving the complicated questions that arose after the
discovery of NICS in uncoupled oscillators.
Our model would be treated as comprising damped
oscillators with the feedback represented by the coupling
terms regardless of the microscopic states of the oscilla-
tors. It should be noted that we could arbitrarily design
the shape of the coupling function, which may yield a
rich variety of dynamical behavior. The feedback might
correspond to the common environment [6].
Another aspect of the relationships between chaos and
noise effects was studied using solvable models [20, 21].
These studies focused on the generation of chaotic be-
havior purely induced by independent noise in globally
coupled limit cycle oscillators. It was shown that col-
ored noise and coupling noise can actually induce chaotic
behavior in order parameter systems whose effective di-
mensions include variances. Further investigation into
this relationship will be conducted in the future.
Some problems continue to remain unresolved. One of
these involves phase. If the famous Ro¨ssler type attractor
4FIG. 4. (Color online) An example of dynamical behavior under the presence of noise. The left, center, and right columns
show averaged motion in the phase space of the order parameters, a single path in the subspace, and two sample paths in
the time course. (a) Deterministic limit (D = 0.3). The synchronized periodic oscillation is shown. (b) Appropriate noise
level (D = 1.5). The oscillatory behavior is changed by the noise from periodic to chaotic while it is still synchronous. (c)
Strong noise level (D = 45.0). No synchronized oscillation is observed. The system size is N = 104 and the values of the other
parameters are the same as those in Fig. 3.
[28] is obtained by changing the parameter values in our
model, one can easily define the phase in the systems of
both a single oscillator and order parameters. Since syn-
chronization induced by common noise in uncoupled limit
cycle oscillators is already theoretically established from
the viewpoint of phase [29, 30], a study on NICS in cou-
pled limit cycle oscillators in terms of phase would facili-
tate systematic understanding of noise-induced synchro-
nization. Another open problem involves system sym-
metry. For instance, the manner of symmetric coupling
plays an important role in deterministic chaotic synchro-
nization in coupled oscillators [19]. It is expected that
symmetric coupling is also the main factor for NICS in
our study. These issues will be reported elsewhere.
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